In this paper, we investigate the continuities of the metric projection in a nonreflexive Banach space X , which improve the results in [X.N. Fang, J.H. Wang, Convexity and continuity of metric projection, Math. Appl. 14 (1) (2001) 47-51; P.D. Liu, Y.L. Hou, A convergence theorem of martingales in the limit, Northeast. Math. J. 6 (2) (1990) 227-234; H.J. Wang, Some results on the continuity of metric projections, Math. Appl. 8 (1) (1995) 80-84]. Under the assumption that X has some convexities, we discuss the relationship between approximative compactness of a subset A of X and continuity of the metric projection P A . We also give a representation theorem for the metric projection to a hyperplane in dual space X * and discuss its continuity.
Introduction
Let X and X * be a Banach space and its dual space, S(X ) and B(X ) be the unit sphere and unit ball of X , respectively. Let x ∈ S(X ), Σ (x) = {x * ∈ S(X * ) : x * (x) = 1}. For A ⊆ X , the metric projection P A : X → 2 A is defined by P A (x) = {y ∈ A : x − y = d(x, A)}, where d(x, A) = inf{ x − y : y ∈ A}, x ∈ X . If P A (x) = ∅ for each x ∈ X , then A is said to be proximinal. If P A (x) is at most a singleton for each x ∈ X , then A is said to be semi-Chebyshev.
If A is simultaneously a proximinal and semi-Chebyshev set, then A is called the Chebyshev set. For any ε > 0, an element z in A is called a ε-approximator for x if x − z ≤ d(x, A) + ε, the set of all ε-approximator of x in A is denoted by P ε A (x). Let {A n } be a sequence of nonempty subsets of a Banach space X . Define w − lim n A n = {x ∈ X : ∃ x n k ∈ A n k , x = w − lim k x n k } and s − lim n A n = {x ∈ X : ∃ x n ∈ A n , x = lim n x n }.
A sequence of nonempty subsets {A n } of a Banach space X is said to converge to a set A in the Mosco sense if s − lim n A n = w − lim n A n = A, which is denoted by lim n M A n = A. The sequence {A n } is said to converge to a set A in the Wijsman sense if lim n d(x, A n ) = d(x, A) for all x in X , which is denoted by lim n W A n = A. The sequence {A n } is said to converge to a set A in the strong Wijsman sense if for all x in X and all ε n → 0 + as n → ∞, we have lim n x − u n = d(x, A) where u n ∈ co(∪ ∞ k=n P ε k A k (x)) for n ≥ 1, which is denoted by s − lim n W A n = A. By [13] , we know that s − lim n W A n = A implies lim n W A n = A, and lim n M A n = A implies s − lim n W A n = A in reflexive Banach spaces.
The mapping x → P A (x) is said to be (weakly) upper semi-continuous if for all x in X and for all (weakly) open set W ⊃ P A (x), there exists a neighborhood U of x such that P A (U ) ⊂ W . The mapping P : (x, A) → P A (x) is said to be (weakly) upper semi-continuous at (x, A) in the strong Wijsman-Zhang sense if for all (weakly) open set W ⊃ P A (x) and for all x n → x and all proximinal set sequence {A n ∩ A} with s − lim n W (A n ∩ A) = A, there exists a positive integer N such that P A n ∩A (x n ) ⊂ W for all n ≥ N . The mapping P : (x, A) → P A (x) is called (weakly) upper semi-continuous in the strong Wijsman-Zhang sense if it is so at all (x, A).
A nonempty subset A of X is said to be (weakly) approximatively compact if any sequences {x n } n∈N ⊂ A and any y ∈ X such that lim n x n − y = d(y, A), have a (weakly convergent subsequence) Cauchy subsequence. X is called (weakly) approximatively compact if any nonempty closed and convex subset of X is (weakly) approximatively compact.
A Banach space X is said to have the property (C-I) (resp.(C-II) or (C-III)) if for x ∈ S(X ) and {x n } n∈N ⊆ B(X ) such that for each δ > 0 there exists a positive integer N (δ) satisfying
we have lim n x n − x = 0 (resp. {x n } n∈N is relatively compact or {x n } n∈N is relatively weakly compact).
A Banach space X is said to be strongly convex (resp. very convex/nearly strongly convex/nearly very convex) [11, 18] if for any x ∈ S(X ) and {x n } n∈N ⊂ B(X ) with that x * (x n ) → 1 for some x * ∈ Σ (x), then {x n } n∈N is convergent (resp. weakly convergent/relatively compact/relatively weakly compact). By [18] , we know that property (C-I) (resp. (C-II)/(C-III)) implies strong convexity (resp. nearly strong convexity/nearly very convexity).
In 1989, Borwein and Fitzpatrick [1] studied the relationship between Mosco convergence and the Kadec property. In 1980, Brosowski, Deutsch and Neürnberge [2] first considered the family {A t } t∈T of subsets in a normed space X parameterized by a topological space T and discussed the continuity of the mapping t → P A t (x). In 1984, Tsukada [12] proved that in a strictly convex reflexive Banach space X with the property (H), if the sequence {A n } converges to A in the Mosco sense then lim n P A n (x) − P A (x) = 0 for all x in X . Wang [14] studied the continuity of a metric projection by using the properties (C − κ), (κ = I, II, III) and Fang and Wang [4] studied it by some convexities, which generalized the results in [14] . In 1998, under the assumption of the strong Wijsman convergence, Wang [13] obtained two continuity theorems for the metric projection by using the properties (C − κ), (κ = I, II, III) in nonreflexive spaces. In this paper, we obtain four continuity theorems for the metric projection under the assumption each of four convexities mentioned above (i.e. strong convexity, very convexity, nearly strong convexity, nearly very convexity). Our results generalize some theorems in [4, 8, 14] . In 2006, Hudzik, Kowalewski and Lewicki [7] proved that a Banach space X is approximatively compact if and only if X is reflexive and X has the Kadec-Klee property. In 1972, Oshman [9] discussed the relationship between approximative compactness of a subset A of X and continuity of the metric projection P A . In this paper, we prove that a Banach space X is weakly approximatively compact if and only if X is reflexive. Under the assumption that X is strongly convex (resp. very convex / nearly strongly convex / nearly very convex), we also discuss the relationship between approximative compactness of a subset A of X and continuity of the metric projection P A . In 2001, Wang and Yu [17] gave a representation theorem of the metric projection P H on a hyperplane H in a smooth, strictly convex and reflexive Banach space. In 2006, Wang [15] generalized that representation theorem to a nonreflexive Banach space and gave two sufficient conditions in order that P H is (norm-weakly) norm-norm upper semi-continuous. In this paper, we give the representation theorem of a metric projection P Σ (x, α) on a hyperplane Σ (x, α), Σ (x, α) = {x * ∈ X * : x * (x) = α}, of a dual space and prove that if Σ x x is a (weakly compact) compact set, then P Σ (x, α) is (norm-weakly) norm-norm upper semi-continuous.
Convexities and continuity of metric projection in Banach spaces
Lemma 2.1. Suppose that X is a nearly strongly convex Banach space, A n ⊂ X , A and A n ∩ A are proximinal convex sets in X , and lim n W (A n ∩ A) = A. For x, x n ∈ X with x n → x as n → ∞, we have that if y n ∈ P A n ∩A (x n ), then {y n } n∈N is relatively compact and each of its convergent subsequences converges to an element of P A (x).
Proof. Suppose x, x n ∈ X satisfy x n → x as n → ∞, y n ∈ P A n ∩A (x n ) (n = 1, 2, . . .), lim n W (A n ∩ A) = A. By the 1-Lipschitz property of distance function and the property of norm, we derive that
We will prove in the following that {y n } n∈N is relatively compact. Suppose 0 ∈ A, {y n } n∈N ⊂ A n ∩ A and lim n 0 − y n = d(0, A). Since A is a proximinal set, A is a closed set, and so d(0, A) > 0. Let r = d(0, P A (0)) = y 0 , where y 0 ∈ P A (0). Then
Hence for any y 0 ∈ P A (0) ⊂ A, we have
This shows that
Since X is nearly strongly convex, we know that {− y n y n } is a relatively compact set. Combining this fact with y n → d(0, A), we obtain that {y n } n∈N is relatively compact.
Let
It can be easily proved that B and B n ∩ B are proximinal convex sets and
Theorem 2.2. Let X be a nearly strongly convex Banach space and A be a proximinal convex set in X . Then the mapping P : (x, A) → P A (x) is upper semi-continuous in the strong Wijsman-Zhang sense.
Proof. Suppose Theorem 2.2 is not true. Then for some (x 0 , A 0 ) and a norm open set W 0 ⊃ P A 0 (x 0 ) and a sequence {x n } n∈N with x n → x 0 and a proximinal set sequence {A n ∩ A 0 } with s − lim n W (A n ∩ A 0 ) = A 0 , we can choose a subsequence {n k } of {n} such that P A n k ∩A (x n k ) ⊂ W 0 for all k. Let y n k ∈ P A n k ∩A (x n k ) \ W 0 , k ≥ 1. By Lemma 2.1, it follows that {y n k } k∈N has a subsequence which converges to an element of P A 0 (x 0 ). This means that there exists y n k ∈ W 0 for some k large enough, a contradiction.
Taking {A n } = {A}. Then, the mapping: P : (x, A) → P A (x) is upper semi-continuous in the strong Wijsman-Zhang sense, which is equivalent to the upper semi-continuity of the mapping P A : x → P A (x). Therefore, we have the following corollary. Corollary 2.3. Let X be a Banach space and A be a proximinal convex set in X , we have (i) [4] If X is a nearly strongly convex space, then the metric projection P A : x → P A (x) is upper semi-continuous; (ii) [14] If X has the property (C − I I ), then the metric projection P A : x → P A (x) is upper semi-continuous.
Since a strongly convex space is strictly convex, an immediate consequence of Theorem 2.2 is as follows.
Corollary 2.4. Let X be a strongly convex Banach space and A be a proximinal convex set in X . Then the mapping P : (x, A) → P A (x) is continuous in the strong Wijsman-Zhang sense.
Corollary 2.5. Let X be a Banach space and A be a proximinal convex set in X , we have (i) [4] If X is a strongly convex space, then the metric projection P A : x → P A (x) is continuous; (ii) [14] If X has the property (C − I ), then the metric projection P A : x → P A (x) is continuous.
Lemma 2.6 ( [16] ). Let X be a Banach space. If {A n } is an increasing sequence of nonempty convex subsets of X , A = ∞ n=1 A n , then lim n M A n = A. It is easily proved that X * is strongly smooth if and only if X is a strictly convex and reflexive Banach space with the Kadec-Klee property (see [6] ) and that X is strongly convex if X * is strongly smooth. From Theorem 2.2 and Lemma 2.6, we have the following corollary.
. Let X be a strictly convex and reflexive Banach space with the Kadec-Klee property. If {A n } is an increasing sequence of nonempty closed convex subsets of X , A = ∞ n=1 A n , then for each x in X and all {x n } n∈N such that lim n x − x n = 0, we have lim n P A n (x n ) − P A (x) = 0.
Lemma 2.8. Let X be a nearly very convex Banach space, A n ⊂ X , A, A n ∩ A be proximinal convex sets in X , and lim n W A n ∩ A = A. If x n → x as n → ∞, where x, x n ∈ X , then, for y n ∈ P A n ∩A (x n ), we have that {y n } n∈N is relatively weakly compact and each of its convergent subsequences converges to an element of P A (x) weakly.
Proof. The proof of the first part is the same as the proof of Lemma 2.1. Now we will prove the second part. Let {y n k } k∈N be a weakly convergent subsequence of {y n } n∈N and w −lim k y n k = y. Since A is closed and convex, from Banach-Mazur theorem, we know that y ∈ A. Based on the weak lower semi-continuity of the norm and (1), we can obtain
Because y ∈ A, it follows that y ∈ P A (x).
Using Lemma 2.8, in the similar way as in Theorem 2.2, we can prove Theorem 2.9. Let X be a nearly very convex Banach space and A be a proximinal convex set in X . Then the mapping P : (x, A) → P A (x) is weakly upper semi-continuous in the strong Wijsman-Zhang sense. Corollary 2.10. Let X be a Banach space and A be a proximinal convex set in X , we have (i) [4] If X is a nearly very convex space, then the metric projection P A : x → P A (x) is weakly upper semi-continuous; (ii) [14] If X has the property (C − I I I ), then the metric projection P A : x → P A (x) is weakly upper semi-continuous.
Since a very convex space is strictly convex, an immediate consequence of Theorem 2.9 is as follows:
Corollary 2.11. Let X be a very convex Banach space and A be a proximinal convex set in X . Then the mapping P : (x, A) → P A (x) is weakly continuous in the strong Wijsman-Zhang sense.
Weakly approximative compactness and weak continuity of metric projection Theorem 3.1. A Banach space X is weakly approximatively compact if and only if it is reflexive.
Proof. Necessity. It is well known (see [10, Theorem 2.14, p. 19] ) that if all closed subspaces are proximinal, then X is reflexive. Let A be a closed subspace. Take y ∈ X and a sequence {x n } n∈N ⊂ A such that x n − y → d(y, A) as n → ∞. Since X is weakly approximatively compact, {x n } n∈N has a weakly convergent subsequence {x n k } with x n k w − − → x as k → ∞. By the Banach-Mazur theorem, A is also weakly closed in X , thus x ∈ A. Based on the weak lower semi-continuity of the norm, we get
Noticing x ∈ A, we get that x − y = d(y, A), i.e., x ∈ P A (y). Hence A is a proximinal subset of X . We get that X is reflexive.
Sufficiency. Because a reflexive space is nearly very convex. Theorem 7 in [4] implies that every proximinal convex subset of X is weakly approximatively compact. By the reflexivity of X we know that every closed and convex subset of X is proximinal. Hence X is weakly approximatively compact.
Giles, Sims and Yorke [5] introduced the following property: A Banach space X has the weak drop property if for every weakly sequentially closed set A disjoint from B(X ), there exists an
and they proved that this property is equivalent to X being reflexive. By Theorem 3.1, we get The following proposition has been presented in [9] without proof. Proposition 3.3. Let X be a Banach space, and A be semi-Chebyshev closed subset of X . If A is approximatively compact, then A is a Chebyshev subset of X and the metric projection P A is continuous.
Theorem 3.4. Let X be a Banach space, and A be a semi-Chebyshev closed subset of X . If A is weakly approximatively compact, then A is a Chebyshev subset and the metric projection P A is weakly continuous.
Proof. For y ∈ X , take a sequence {x n } n∈N ⊂ A such that lim n x n − y = d(y, A). Since A is weakly approximatively compact in X , {x n } n∈N has a convergent subsequence {x n k } with x n k w − − → x as k → ∞. Since A is closed and convex, x ∈ A. Based on the weak lower semicontinuity of the norm, we get x ∈ P A (y). Thus A is a proximinal set of X . But A is also a semi-Chebyshev subset of X , so it is a Chebyshev. Now let us prove the weak continuity of P A . Take x 0 ∈ X \ A and {x n } n∈N in X with x n → x 0 as n → ∞. Since A is a Chebyshev subset of X , the metric projections P A (x n ) and P A (x) are singletons. By the continuity of the distance function, we have
Let us suppose that P A (x n ) w − − → P A (x 0 ) as n → ∞. Without loss of generality, assume that there exists an ε 0 > 0 and a f ∈ X * such that for all n ≥ 1
By the weakly approximative compactness of A, it follows that the sequence {P A (x n )} n∈N has a weakly convergent subsequence {P A (x n k )} k∈N with P A (x n k ) w − − →x ∈ A as n → ∞. By the weak lower semi-continuity of the norm, we get x 0 −x = d(x 0 , A). Hence, by (2), we get
Since A is a Chebyshev set,x = P A (x 0 ), whence
which contradicts condition (3) . Therefore, we deduce that
i.e., P A is weakly continuous.
Theorem 3.5. Suppose that X is a nearly strongly convex Banach space and A is a nonempty closed convex subset in X . Then A is a proximinal set and the metric projection P A is upper semi-continuous if and only if A is approximatively compact in X .
Proof. Necessity. For y ∈ X , take a sequence {x n } n∈N ⊂ A such that lim n x n − y = d(y, A). Since X is nearly strongly convex and A is a proximinal set, by Theorem 2 in [4] , we know that {x n } n∈N is a relatively compact set. Hence A is approximatively compact in X .
Sufficiency. For y ∈ X , take a sequence {x n } n∈N ⊂ A such that lim n x n − y = d(y, A). Since A is approximatively compact in X , {x n } n∈N has a convergent subsequence {x n k } with x n k → x as k → ∞. The closedness of A implies that x ∈ A. Hence x − y = d(y, A) and x ∈ A, i.e. x ∈ P A (y). Thus A is a proximinal set. Since X is nearly strongly convex, by Corollary 2.3(i), we have that the metric projection P A is upper semi-continuous.
An immediate consequence of Theorem 3.5 is as follows: Corollary 3.6. Let X be a strongly convex Banach space and A be a nonempty closed and convex subset in X . Then A is a Chebyshev set and the metric projection P A is continuous if and only if A is approximatively compact in X .
Remark. Recently, in [3] Chen, Hudzik, Kowalewski, Wang and Wisla proved the following result: Let X be a midpoint locally uniformly rotund Banach space and C be a nonempty closed convex set in X . Then C is a Chebyshev set and the metric projection P C is continuous if and only if C is approximatively compact. By [19] , we know that the strong convexity implies the midpoint locally uniformly rotundity. Hence, by their results, we also may obtain Corollary 3.6. By Corollary 2.3(i) and Theorem 7 in [4] , the same as the proof of Theorem 3.5, we may prove the following theorem.
Theorem 3.7. Let X be a nearly very convex Banach space and A be a nonempty closed and convex subset in X . Then A is a proximinal set and the metric projection P A is weakly upper semi-continuous if and only if A is weakly approximatively compact in X .
An immediate consequence of Theorem 3.7 is as follows: Corollary 3.8. Let X be a very convex Banach space and A be a nonempty closed and convex subset in X . Then A is a Chebyshev set and the metric projection P A is weakly continuous if and only if A is weakly approximatively compact in X .
Continuity of the metric projection on hyperplane in X *
A map F : X → 2 X * is called the duality map if for any x ∈ X
Let x ∈ S(X ), α ∈ R, Σ (x, α) = {x * ∈ X * : x * (x) = α} is said to be a hyperplane in X * . By F(x), a representation of the metric projection on hyperplane Σ (x, α) in X * is obtained. Although this result may be obtained by Theorem 3.1 in [15] , we will give its direct proof for the sake of completeness.
Proof. First, for x ∈ S(X ), we will prove that Σ (x, α) ). This means that
Hence it follows that Σ (x, α) is a proximinal set in X * and x * + (α − x * (x)u * ) ∈ P Σ (x,α) (x * ), and we deduce that
On the other hand, take y * ∈ P Σ (x,α) (x * ). If x * ∈ Σ (x, α), then x * − y * = d(x * , Σ (x, α)) = |α − x * (x)| = 0.
Defining u * = y * −x * α−x * (x) , we have u * = 1, u * (x) = 1, and y * = x * + (α − x * (x))u * .
Hence
where u * ∈ S(X * ), u * (x) = 1. Hence it follows that
By (4) and (5), we get for each x * ∈ X * ,
By the Hahn-Banach theorem, F(x) = ∅ and F(x) = {u * ∈ S(X * ) : u * (x) = 1}. Analogously to (6), we have
Next, for x ∈ X with x = 1, since
and F is homogeneous, from (7), we have
is relatively weakly compact, then the metric projection P Σ (x,α) is norm-weakly upper semi-continuous.
Proof. Let x * , x * n ∈ X * , n = 1, 2, . . ., and x * n − x * → 0. Take y * n ∈ P Σ (x,α) (x * n ). Since the duality map F is homogeneous, by Theorem 4.1, we have
Then we may assume that
where z * n ∈ Σ x x . Since Σ x x is relatively weakly compact, it follows that {z * n } has a weakly convergent subsequence {z * n k }. Let w − lim k z * n k = z * . Since lim n x * n = x * , we have Now we will show that P Σ (x,α) is norm-weakly upper semi-continuous at x * . Otherwise, there exists a weakly open set W 0 ⊃ P Σ (x,α) (x * ) and a sequence {x * m } with lim m x * m − x * = 0, but P Σ (x,α) (x * m ) ⊂ W 0 for all m. Take y * m ∈ P Σ (x,α) (x * m ) \ W 0 , m = 1, 2, . . .. Similarly to the previous arguments, we can observe the fact that there exists a subsequence {y * m k } of {y * m } such that w − lim k y * m k = y * and y * ∈ P Σ (x,α) (x * ). This means that there exists y * m k ∈ W 0 for some k large enough, a contradiction.
The following theorem can be proved analogously. Corollary 4.4. Let X * be a strictly convex space, x ∈ X, x = 0, α ∈ R. Then the metric projection P Σ (x,α) is norm-norm continuous.
Proof. Since X * is strictly convex, we know that Σ x x is a singleton. By Theorem 4.3 we can obtain the result.
Theorem 4.5. Let X * be a strictly convex space, x ∈ X, x = 0, x ⊥ = {x * ∈ X * : x * (x) = 0}. Then the metric projection P x ⊥ is a linear bounded operator.
Proof. Since F(x) is a singleton, from Theorem 4.1, it is easily seen that P x ⊥ (x * ) = x * − x * (x)
x Σ x x is a linear operator. Using Corollary 4.4, we get that P x ⊥ is norm-norm continuous. Consequently P x ⊥ is a linear bounded operator.
